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The familiar batch concept of extent of reaction is reexamined for systems of 
reactions occurring in open systems. Because species concentrations change as a 
result of transport processes as well as reactions in open systems, the extent of 
reaction has been less useful in practice in these applications. It is shown that by 
defining the extent of the equivalent batch reaction and a second contribution to 
the extent of reaction due to the transport processes, it is possible to treat the 
description of the dynamics of flow through porous media accompanied by many 
chemical reactions in a uniform, concise manner. This approach tends to isolate the 
reaction terms among themselves and away from the model partial differential 
equations, thereby enabling treatment of large problems involving both equilibrium 
and kinetically controlled reactions. Implications on the number of coupled partial 
differential equations necessary to be solved and on numerical algorithms for solving 
such problems are discussed. Examples provided illustrate the theory applied to 
solute transport in groundwater f lo w. 

Introduction 
Prigogine (Prigogine and Defay, 1954) may have been the 

first to point out the significance of what Everett has translated 
as the extent of reaction or reaction coordinate for a batch 
reaction. This well-known concept is now in common use in 
chemistry and chemical engineering (see for example Ark, 
1969; Boudart, 1968; Froment and Bischoff, 1979). Aris (1963) 
pointed out the underlying basis in linear algebra for the utility 
of the reaction coordinate, and Aris and Mah (1963) defined 
the complement of the reaction coordinates as the reaction 
invariants. In a batch system involving m-independent reac- 
tions among n species, there will be m directions in the un- 
derlying n dimensional concentration vector space which 
correspond to each of the independent reactions. Concentra- 
tion trajectories in the direction of any one of these reaction 
coordinates can be traced directly to the corresponding reac- 
tion. On the other hand, there will be n-rn directions orthog- 
onal to the reaction coordinates, in which there will be no 
motion at all due to the reactions. 

In open systems, much of the advantage of defining extents 
of reaction and reaction invariants is lost. Concentrations 
change because of transport as well as reaction, and it is not 
always possible to separate out a contribution entirely due to 
each reaction from contributions that are reaction invariant. 

Diffusion rates in multicomponent systems differ somewhat 
for each species, and concentration changes due to reaction 
and diffusion are inextricably linked. On the other hand, Shap- 
iro (1962) may have been the first to suggest using the extent 
of reaction in open systems when he considered homogeneous 
reactions in a transport field governed by a species-independent 
partial differential operator. Horn and Jackson (1972) (see 
also Feinberg, 1987) treated the open system of the stirred tank 
reactor by defining pseudoreactions to represent the net flow 
in and out. 

There are broad classes of problems in which many chemical 
reactions occur in open systems. To select just one of many 
possible examples, the transport of solutes in groundwater 
supplies is currently of great importance because of'concern 
over contamination. A foreign species such as a heavy metal 
ion may interact with the naturally occurring ions, chelating 
agents, and microbes occurring in the water as well as the many 
species occurring in or adsorbed on the minerals of the porous 
media through which the water flows. Sorting out which re- 
actions and mass balances should be included in an analysis 
of this problem can be a formidable, yet important, task. Given 
the set of species and possible reactions along with the flow 
characteristics through the porous media, there is still consid- 
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erable debate as to the best form of the mass balance equations 
to be used and their method of solution. For example, Yeh 
and Tripathi (1989) reviewed a number of approaches to for- 
mulating and solving the groundwater transport problem with 
equilibrium reactions and concluded that there are orders of 
magnitude differences in computational time depending on 
how the model is formulated. Rubin (1990) argues that com- 
putational efficiency can be increased by decreasing the number 
of coupled equations to be solved and shows, with broad classes 
of examples, that even using the most effective solution method 
the problem may differ substantially depending on the kinds 
of chemical equilibrium reactions present. Kirkner and Reeves 
(1988) and Rubin (1983) also pointed out how the mathematical 
problem is related to the chemistry. At the same time, there 
is growing concern that the traditional view of only equilibrium 
reactions in groundwater transport may be inadequate (see for 
example Wood et al., 1990; Bahr, 1990; Brusseau et al., 1990; 
Gopal and Friedly, 1989; Nicoud and Schweich, 1989; van der 
Zee et al., 1989). Models must include a spectrum of reactions, 
ranging from equilibrium-controlled to kinetically-controlled, 
with the possibility that the nature of any given reaction may 
change in the spatial domain of interest. It is well accepted 
(Plumb and Whitaker, 1988) that groundwater transport can 
be described in many situations by the convection-dispersion 
equations. Dispersion through porous media is largely a tor- 
tuous flow phenomenon and is usually independent of dif- 
fusion, making the partial-differential operator like that 
considered by Shapiro (1962). 

The discussion above suggests that it would be of interest 
to have a general approach to formulating the model equations 
for open systems in which many rate processes having a wide 
variety of rates can be handled. The concept of an extent of 
reaction for each such reaction would be very attractive because 
it would tend to isolate one reaction from another and hope- 
fully permit a more systematic treatment of problems of the 
type illustrated above. In the following sections, the theory 
for a broad class of problems including such systems will be 
developed based on the traditional ideas of extents of reaction. 
It will be shown that open systems governed by a species- 
independent operator may require the additional concept of a 
contribution to the extent of reaction due to the transport 
processes involved, which will be briefly called the flow extent. 
Reaction invariants will be defined for these problems as well. 
The implications of the resulting model equations then will be 
discussed in terms of their generality and limitations, their use 
with problems involving a wide range of rate constants, and 
their use in general purpose numerical solution codes. Ex- 
amples taken from the groundwater transport literature will 
be used to illustrate the ideas. 

Problem Formulation 
Consider the possibility of rn reactions occurring among 

n+E species in an open system. If some of the reactions are 
heterogeneous, it will be necessary to distinguish between spe- 
cies in the mobile fluid phase and the immobile phase. The 
bar over a symbol will always be used to designate the immobile 
phase. Therefore, the rn reactions will involve n mobile-phase 
species and ii immobile-phase species. These reactions will 
follow the general stoichiometry: 

- 
n ” 

i =  I i =  1 

where A represents the species and u represents the stoichio- 
metric coefficients. Equation 1 applies to all rn reactions that 
can be envisioned. They need not be reversible I 1 general. By 
permitting the stoichiometric coefficients to be I xo, it IS pos- 
sible to include homogeneous reactions in eithei phase Each 
one of the reactions of Eq. 1 will have a rate nf reaction rJ 
associated with it. The form of the rate of each I eaction need 
not be specified further, but it will be assumed i ia t  each rate 
can be computed in terms of the concentralions of the species 
present. Similarly, it will be assumed that the equilibrium com- 
positions of any equilibrium reaction can be romputed by 
setting the rate to zero. 

Consider these reactions occurring at a paint in a continuum 
described by the usual mass balance equation (c msider ed di- 
mensionless) for species i in the mobile phase: 

rn 

u- r .  i =  1,n ac, 
at e---c,=C r, ,, 

j =  1 

where 19 represents the fraction of the volume i:t a “point” 
occupied by the mobile phase. The partial-differer tial operator 
L represents the net influx of the conserved species at the point. 
It may take the common form L =  - V ( V - D  V )  for con- 
vection and dispersion through a porous mediiim. In what 
follows, it will be assumed that the operator L will be identical 
for all species as is often the case for transport thl ough porous 
media. Similar to Eq. 2,  the mass balance equation for species 
i in the immobile phase can be written: 

(3) 

where p represents the appropriate conversion lactor for an 
immobile-phase concentration, based on solid mass or solid 
surface area, for example, to the point volume. The appro- 
priate initial and boundary conditions will apply to Eqs. 2 and 
3. 

It is convenient to represent all of the quaniities here in 
vector-matrix notation. Define the vector of conczntrations in 
the mobile phase as C ,  the vector of concentrxtions in the 
immobile phase c, the vector of reaction rate, I and the 
matrices of stoichiometric coefficients g and . 

Equations 2 and 3 can then be written in vector form: 

(4) 

( 5 )  
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a c  - 
at p - = =  g 1 

The initial and boundary conditions can also be written ex- 
plicitly: 

(7) 

The boundary conditions here have been written for a one- 
dimensional, semiinfinite, spatial domain, but can easily be 
generalized to  different parts of the boundary of the multi- 
dimensional medium. 

The model (Eqs. 5 and 6) is broad enough to include a very 
large class of open systems in which heterogeneous reactions 
can occur. Although a single immobile phase is suggested, the 
model form is not at all restricted to  one. Any number of solid 
phases and immobile fluid phases can also be accommodated 
by Eq. 6 by redefining concentrations in different immobile 
phases on the same basis. The important distinction between 
the phases is that the scalar operator L can be used to  account 
for the influx at a point in the mobile phase and there is none 
in the immobile phase. In situations for which the commonly 
used approximation of film diffusion can be used (Villermaux, 
1987), it can be treated as an effective reaction in this same 
model form. 

Theory 
Define the vector of concentrations of all species & and the 

matrix of stoichiometric coefficients S : 

It will be assumed that all of the reactions of Eq. 1 are linearly 
independent. Therefore, will have full rank and its columns 
can serve as basis vectors for the n + Ti dimensional composition 
space. S and its orthogonal complement S’ will completely 
span the composition space. In fact, for batch systems we know 
that the composition vector can be expanded in terms of the 
new basis X =  S L + 2’ 2, where the components 2 and 
9 are the extents of reaction and the reaction invariants (Fein- 
berg, 1987). It will be convenient to  develop the solution to  
Eqs. 5 and 6 in an analogous fashion for the open system, 
defining f as the extent of reaction vector for the equivalent 
batch reactor. 

Let the concentration vector be expanded partially in the 
form: 

where the 2 will be chosen t o  satisfy the equivalent batch 
relation: 

- r  _- a f  
a t  - 

and be called the extents of reaction (although to  be more 
precise the term should be the extents of the equivalent batch 
reaction or batch contribution to  the extents). 

Because of the flow terms in Eq. 5, g will not lie totally in 
the orthogonal complement to  the stoichiometric subspace. 
Instead, it too will in general have components in both the 
stoichiometric subspace and its complement. Introducing Eqs. 
1 1  and 12 into Eqs. 5 and 6, we obtain: 

where L’=(l/O)Z,. Clearly 2 is coupled to  the extent of re- 
action vector. However, as should be expected, it is only cou- 
pled through the elements corresponding to  the mobile-phase 
compositions. The elements corresponding to  the immobile- 
phase components will indeed be invariant in time (and space) 
like the equivalent batch results. Therefore, if we write \E 
as: 

(14) 

the constant 2 will satisfy the immobile-phase part of the 
problem completely and leave the Ir/ term to satisfy the re- 
mainder of Eq. 13: 

_- a ?  - L I Z  $ +L‘*  - I at 

Equation 15 can be handled in much the same way as the 
original Eqs. 5 and 6 by focusing on the underlying n-dimen- 
sional, mobile-phase concentration vector space. It is conven- 
ient to define the mobile-phase stoichiometric subspace in terms 
of the linearly-independent columns of the mobile-phase stoi- 
chiometric coefficients g . Although it has been assumed that 
all reactions are independent and S has full rank, this does 
not imply that g has full rank. Take all of the linearly-in- 
dependent columns of g to form the basis of the stoichiometric 
subspace for the mobile phase 2 .  Because 2 contains the set 
of linearly-independent columns of g , the remaining columns 
can always be written as a linear combination of the 2 .  
Therefore, 11 can always be written in factored form: 

The dependency matrix A, will have a single unity in columns 
corresponding to  the columns of g included in 2 but in general 
full columns of coefficients for the linearly-dependent columns 
of g . Using Eq. 16 in Eq.  15, it is possible to  write the solution 
for $ in the form: - 
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where 2' is the orthogonal complement of the mobile-phase 
stoichiometric subspace s . The components zrn are true re- 
action invariants (although not generally invariant in time and 
space) satisfying 

The components f m  will satisfy 

a f m  
-=L' - .$,+L'A_ f 

at 

The components f m  couple the contribution of the transport 
operator in the open system to the extents of the equivalent 
batch reaction. They will be called the flow extents for short. 

Specification of the appropriate initial and boundary con- 
ditions will completely define the problem equivalent to Eqs. 
5 through 9. Since s and S' completely span the concen- 
tration space, the initial conditions (Eqs. 7) can be satisfied 
with the extent of reaction f and the invariant 2 : 

permitting the additional mobile-phase contributions to be zero: 

Similarly, the mobile-phase concentration values on the bound- 
aries can be expanded in terms of the s and s' basis vec- 
tors: 

where ( . ) rn  refers to  just first n mobile-phase components of 
the vector. Therefore, both f m  and y m  will satisfy boundary 
conditions of the form of Eqs. 8 and 9. 

In summary, the vector of concentrations can be written in 
the form: 

The extent of reaction f will satisfy Eq. 12 along with initial 
condition of Eq. 20. The flow extent f m  will satisfy Eq. 19 
along with zero initial conditions and boundary conditions of 
the form of  Eqs. 8 and 9 with Eq. 22. Actually, the combination 

always appears together in both Eqs. 19 and 23 a id will satisfy 
the boundary conditions as a group. The imariant 2 will 
satisfy the initial condition of Eq. 20. The reacl ion iniiariant 
11 will satisfy Eq. 18 along with zero initial Conditions and 
boundary conditions of the form of Eqs. 8 and 11 with I q .  22. 

Discussion 
The form of the solution shown in Eq. 23 is instructive. The 

middle equality shows that the solution for the itate vector is 
made up of two parts. The first part represents the contri- 
butions of the equivalent batch reactions. It ii; conveniently 
presented in terms of components with respect to  a basis of 
the stoichiometric subspace and its orthogonal complement. 
The extent of reaction vector, satisfying the same Eq. 12 as is 
expected in a batch problem, contains the components in the 
stoichiometric subspace. As in a batch problem, the true in- 
variant components y o  appear as well. 

In an open system, there is an additional cc1ntribui:ion of 
the transport operator. That contribution only directly affects 
the concentrations of the species in the mobile phase that are 
being transported. Indirectly, these compositicns will affect 
the extent of reaction f , however, because they will in general 
appear in the rate expressions in Eq. 12. The contribution of 
the transport operator, unlike the equivalent batch contribu- 
tion, directly influences just the mobile-phase cornpoi" .,itions. ' 

Therefore, it is not convenient to  represent its effect in terms 
of the complete stoichiometric subspace. Insteai 1, the mobile- 
phase stoichiometric subspace and its complemmt are appro- 
priate. The components of response in the mobile-phase stoi- 
chiometric subspace f represent the contribution of transport 
to  the extent of reaction or flow extent for s h x t .  The flow 
and batch contributions to  the extent of reaction are coupled 
directly in the partial differential equation (Eq. 19). In general, 
Eqs. 12 and 19 must be solved together. Becauje of this, the 
solution for the extent of reaction, although it sitisfies Eq. 12 
which appears exactly like the batch reactor rquation, will 
reflect the presence of the flow extent as well. Finally, the 
reaction invariant components y are indeed 8, ompletely in- 
dependent of the reaction rates, but may vary ,with time and 
spatial position satisfying Eq. 18. 

The last equality of Eq. 23 groups the solution parts together 
as reaction-dependent and reaction-independent. The first part 
includes the extent of reaction and flow. The last two terms 
include the invariant and reaction invariant terms. It is clear 
from this form that there is no convenient subspace in the 
n + ii dimensional concentration space that wj 11 contain the 
reaction-dependent parts of a trajectory. Instead, it aLppears 
that the most convenient way of looking at the response is in 
the form of the middle equality, with the sum of two contri- 
butions: one of the complete stoichiometric subspace and the 
other of the mobile phase stoichiometric subspz ce. The latter 
in general neither is a subspace of the former nor intersects 
with it only at the origin. 

It is interesting to  compare the approach uled here with 
similar approaches used previously for open systems. If the 
reactions involve only mobile-phase species, he subspaces 
spanned by 2 and coincide. Then, Shapiro (1962) suggested 
that use of the extent of reaction is valid because there is no 
distinction between f and f m .  Horn and Jackson (1972) and 
subsequently Feinberg (1987) treated complex reaction net- 

690 May 1991 Vol. 37, No. 5 A K h E  Journal 



works in continuous stirred-tank reactors, described by the 
operator LC, = ( ~/T)(C<,"  - C,),  instead of a partial differential 
operator in Eq. 2. In contrast to the approach developed above, 
Horn and Jackson defined pseudoreactions to account for the 
flow in and out of the reactor. They effectively cast Eqs. 5 
and 6 into the form 

and used the augmented stoichiometric subspace 

s..,=[ L L !  PJ 
and its complement as the convenient basis in which to express 
the solution. The augmented extent of reaction vector resulting 
from this approach f :uu, = [ f f r O w  f ] includes the same extent 
of reaction defined above but also a flow extent that incor- 
porates not only the flow extent f m  defined above but also 
the reaction invariants 2 and even parts of the invariant term 
- -  S' 7 0 .  For the partial differential equation models of interest 
here, it appears that it is more useful to identify specifically 
all variables that are truly reaction invariants and provide the 
equations they satisfy. 

The above derivations have cast the mass balance equations 
for a broad class of transport problems with multiple reactions 
in a heterogeneous medium into a rather general and concise 
form. First, there will be n + ii - rank( 2) invariants 3 ,, which 
can be obtained simply from the initial conditions. The equa- 
tions to be solved then will always consist of n-rank(2) 
reaction-invariant, partial-differential equations (Eq. 18). If 
the transport operator L is linear as is common for dispersed 
flow through a saturated porous medium, these equations are 
uncoupled from each other and can be solved independent of 
all of the rest. Then, there are rank(s )  linear, scalar, partial- 
differential equations for the flow extents (Eq. 19). These too 
are uncoupled in the sense of each component being directly 
independent of the others. However, since Eq. 24 linearly 
relates the flow extent vector with the extent of reaction vector, 
the components of Eq. 19 remain indirectly coupled. In gen- 
eral, Eq. 19 will have to be solved along with the 
m =rank( 2) nonlinear, ordinary-differential equations for the 
extent vector (Eq. 12). Two things have been accomplished by 
the transformations. The total number of partial differential 
equations to be solved is no different, but those in Eqs. 18 
and 19 are linear and in one sense uncoupled. The rn nonlinear, 
ordinary-differential equations may in fact be greater in num- 
ber than the ii in the original Eq. 3. However, what has been 
accomplished is the isolation of each reaction into Eq. 12 and 
away from the partial-differential equations. 

The latter accomplishment permits a relatively straightfor- 
ward switch from kinetically-controlled reactions considered 
up to this point to equilibrium-controlled reactions. If all of 
the reactions are in equilibrium, the only difference is that the 
extents of reaction 1 need to be solved from the equilibrium 
relation r = 0, instead of from Eq. 12. These algebraic equa- 
tions need to be solved simultaneously with the flow extents 

in Eq. 19. A solution algorithm for algebraic equilibrium equa- 
tions may well be simplified by having a single variable tt which 
will always appear in the corresponding reaction equilibrium 
r, = 0 (even though it still may be coupled with the entire extent 
vector). This should eliminate the need to treat different classes 
of equilibrium reactions differently (Rubin, 1990). Further- 
more, this formulation of the transport problem rather easily 
permits the use of kinetic expressions for some reactions and 
equilibrium expressions for others, even in different regions 
of the spatial domain. All that is necessary is to compute the 
extent of reaction ti for each reaction from either the kinetic 
expression (Eq. 12) or from the algebraic equilibrium expres- 
sion. 

Such a general approach to reacting transport problems has 
implications for writing general simulation codes. Yeh and 
Tripathi (1989) discussed the advantages of numerical ap- 
proaches that tend to keep the partial-differential transport 
equations separated as much as possible from the algebraic 
chemical equilibria. Furthermore, these approaches tend to be 
more readily adaptable to kinetically controlled reactions. 
Rubin (1980) emphasized the importance of decoupling the 
partial-differential equations from each other as well as from 
the equilibrium reactions. The approach developed in this ar- 
ticle would appear to include the best features of both Yeh 
and Tripathi's conclusions and Rubin's work. 

Applications 
The above theory will be illustrated using two examples taken 

from the literature on solute transport in groundwater. The 
first involving only a single reaction will be used to illustrate 
the ideas in their simplest form, while the second will be used 
to show how they apply to many reactions. 

Surface exchange reaction 
Suppose the simple exchange reaction: 

A ,  + A , S ~ A * + A , S  

takes place as the fluid flows through a one-dimensional, se- 
miinfinite, porous exchange medium (Persaud and Wierenga, 
1982). In this case, the model of Eqs. 5 and 6 applies with 

and 

Therefore, the solution Eq. 23 will take the form: 

Any other linear combination of the columns of would 
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suffice as well. Here, there are three scalar functions that satisfy 
Eqs. 12, 19 and 18. The linear equation for qm can be solved 
independent of the reaction. The linear partial-differential 
equation for the flow extent 4 ,  is indirectly coupled to the 
nonlinear reaction rate through the extent of reaction t .  

Persaud and Wierenga's (1982) results suggested that the 
reaction could be considered in local equilibrium. If  the rate 
expression r =  k[C ,~ , , -  (C2c,,)/r<l is assumed, the equilib- 
rium-controlled reaction can easily be treated by replacing Eq. 
12 by r = 0. Using the above expressions for the concentrations, 
the extent of reaction 4 can be solved at every time and position 
from 

u =  - 

1 0  
- 1  0 0 

- 1  1 0 
1 0  0 1  

- 1  0 1 
0 1 0 
0 0 1 
0 1 0  

0 0 0  
0 0 0 
0 0 0 
0 0 0 '  

2 1 0 0  %1 
0 0  I i  

- -2 

instead of from Eq. 12. 

- 
- 1 - 1 - 1  1 I 0 - 1 - 1  0 0 0 0 0 0 

0 0 0 1 0 1 0 0 0 0 - 1  0 - 1  0 
1 0 0 0 0 1 0 0 - 1 - 1 0 0 0 0  
0 0 0 0 1 0  0 0 0 0 0 - 1  0 - 1  
0 1 0  0 0 0 0 0 0 0 - 1 - 1  0 0 
0 0 0 0 0 0 - 1 0 - 1 0 0 0 0 0  
0 0  1 0 0 0 0 0 0 0 0 0 - 1 - 1  
0 0 0 0 0 0 0 - 1 0 - 1  0 0 0 0  
0 0 0 0 0 0 1 0  0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 1 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 1 0 0 0 0  
0 0 0 0 0 0 0 0 0 0 1 0  0 0 
0 0 0 0 0 0 0 0 0 0 0 1 0 0  
0 0 0 0 0 0 0 0 0 0 0 0 1 0  
0 0 0 0 0 0 0 0 0 0 0 0 0 1  

- 

High-order reaction network 
Rubin (1990) systematically developed the governing mass 

balance equations in a form convenient for numerical com- 
putation for the broad classes of groundwater transport prob- 
lems with networks of equilibrium reactions. The application 
of the theory developed above to the most complicated example 

among four primary cations and four anions in solution. Three 
surface exchange reactions, 

worked out by Rubin will be outlined. Consider the reactions A _ =  

A ,  +- * A 3  + A T ,  A ,  +m * A ,  +a, 
A ,  +A,S* A,+A,S, 

three classical dissolution-precipitation reactions, 

The first column of A_ represents the dependent first reaction 
(column) in g . The 13 x 13 identity matrix in A, represents all 
of the remaining linearly independent columns 01' g . It is easy 
to verify that each of the columns of 2' shown above is 
orthogonal to each column of g and conseciuently s as 

A,, (j A ,  + A 2 ,  X l4*  A ,  + A 4 ,  A32 *A3+A2, 

and eight homogeneous complexation reactions, 

A1 +A6 *A167 A l +  *A189 A3 A369 * A38, 

involve 16 mobile-phase species and seven immobile species. 
These 14 reactions have a stoichiometric coefficient matrix 
I S which is 23 x 14. The reactions have been selected to be 
independent so that rank (2) = 14. Therefore there will be 14 
extents of reaction 2 to be determined by Eq. 12 or equivalent 
equilibrium relations. The orthogonal complement matrix 
- S' will be of dimension 23 x 9. Therefore, there will be nine 
invariants 2 determined from the initial conditions. The 16 x 14 
matrix of mobile-phase stoichiometric coefficients g only has 
a rank of 13, however. Note for example that the mobile-phase 
concentrations in the first exchange reaction appear with the 
same stoichiometric coefficients as they do in the difference 
of the third and the first dissolution reactions. This causes 
- u to have less than full rank. The choice of mobile-phase stoi- 
chiometric subspace consisting of only the last 13 columns of 
- u leads to the 13 X 14 4 dependency matrix of Eq. 16 displayed 
with g: 

The complete problem to be solved will cowist of three 
reaction invariants zrn of the form of Eq. 18 which can be 
solved independent of the rest. Then, there will be 13 flow 
extents 2 satisfying the linear Eq. 19, which are in one sense 
all uncoupled from each other too. However, the! are indirectly 
coupled through the 14 algebraic equations I = 0 when the 
reactions are in equilibrium. These results, which of course 
agree with Rubin's conclusion, can be determine11 immediately 
by defining the dimensions of the problem's qdoichiometric 
subspace and the mobile-phase stoichiornetric subspace and 
their complements in the formulation presented here. [n con- 
trast to Rubin's (1990) result, however, this approach avoids 
the direct substitution of equilibrium relation( into partial- 
differential equations. A particular advantage of this approach 
is that by isolating the reactions each reaction mav be separately 
considered either equilibrium- or kinetically-chintrolled, and 
each can be treated in a similar manner, independent of whether 
it is a homogeneous, surface exchange, or precipitation re- 
action. 
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